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2. Guckenheimer-Williams geomehic Loren-z attractor Lorenz $b$ ifurcafion
3. Robinson invariant foliation








(L) $\{\begin{array}{l}\dot{x}=\sigma(y-x)\dot{y}=rx-y-xz-\dot{z}=-bz+\eta\end{array}$ $(= \frac{d}{d\iota})$
$\sigma,$ $r,$ $b$ , $\sigma$ Prandfl , $r$ Rayleigh
, $b$
. [Niw; 2] . , Lorenz [Lor2]
W. Malkus water wheel
. Sparrow [Spa;Appendix Bl .
Lorenz
$\sigma=10$, $r=28$, $b= \frac{8}{3}$
, .
1 : (0,0,0) ( $(x,y,z)=(0,0.01,0)$ )
, (L) $(x(t),y(t),z(t))$












, Lorenz attractor .
i) Lorenz
(4) :Lorenz (L) .
. Coomes $[Coo;Lemma$
3.1] .





$R^{3}$ , $D$ $V$ $M$
$\epsilon$
$E=\{(x,y,z)|V(x,y,z)\leq M+\epsilon\}$
, $E$ $\frac{dV}{dt}\leq 0$ (L) $E$
. $E$
E . Lorenz E
.
$(\nearrow\backslash )$ :Lorenz (L) divergence $-(\sigma+b+1)$
. (D) , 1
Lorenz attractor (L) $0$
.
( ) : (L) involution
$\iota:(x,y,z)arrow(-x,-y,z)$
. , z- (L) .




[1] $0<r<1--$ $O$ attractor . Lyapunov
$V(x,y,z)=x^{2}+\sigma(y^{2}+z^{2})$
.
[21 r=l—— O pitchfork , 2 E\pm .
$0,$ $-b,$ $-(1+\sigma)$ .




. $\lambda_{1}=\lambda_{u}$ , $\lambda_{3}=\lambda_{s}$ , $\lambda_{2}=\lambda_{ss}$ .






, $r>$ 13.926... .
$r$ $E_{\pm}$ , r=24.74... .
, r<24.06...
. preturbulence (Kaplan-Yorke $[KaYo]$ ) metastable
chaos (Yorke-Yorke $[YoYo]$) . $r=24.06\ldots$ ,
strange attractor . (McLaughlin-Martin[McMa] strange attractor
r=2474... Hopf , . )
[4] $r=^{470_{19}}/$ – $E_{\pm}$ subcrifical Hopf ,
. $E_{\pm}$
$-(\sigma+b+1)$, $\pm i\sqrt{\frac{2\sigma(\sigma+1)}{\sigma-b-1}}$
. Marsden-McCracken $[MaMc]$ .
[5] $470_{19}/<r--$ $r$ $r<30$ strange attractor ,
attractor . $r$
auractor . Sparrow $[Spa;Chap.4]$
.
Franceschini [Fra] 99.524 $\ldots$ <r<100.795...
.
Manneville-Pomeau $[MaPo1,2]$ $145$ <r<166.07...
$r=166$ .07... intermittent chaos .
Robbins [Robb], Lorenz [Lor3] r>214.364...




Shimizu-Morioka $[ShMo]$ , Shimada-Nagashima $[ShNa]$ $\sigma=16,$ $b=4$
.
( ) Lorenz lot 1 . 1 Lorenz attractor $(x(t),y(t),z(t))$
, $z$ - $z(t)$ $n$ $z_{n}$ , (zn’ $z_{n+1}$ )
2 1 . (zn’ $z_{n+1}$ )
1 .
Lorenz plot . 1 Lorenz attractor $Z_{n}$
$-bz+\eta=0$ 2 $S$ ,
$S$ 1 , 1
2 .
2 Lorenz , 3
$\Sigma$ ,
161
4 1 . 1 Lorenz map .











$- 10$ $-v^{\ulcorner}$ $0$ 5 10
( ) Lorenz map $(’+\backslash )$ Lorenz $r$
5 $(a)-(e)$ Lorenz map . , 5(a)
$E_{\pm}$ , 5(b)
saddle-loop , Lorenz map
. 5(c)
. 5(d) $E_{\pm}$
, Lorenz map . Lorenz attractor Lorenz




Rychlik [Rycl Robinson $[Rob3,4]$ ,
Lorenz attractor .
2 Guckenheimer-Williams $[GuWi]$ geometric Lorenz attractor ,
. 3 Robinson [Robl] geomeffic brenz
amactor strong stable foliation .
strong stable foliation geometric Lorenz attractor 1 Lorenz map
, 4 Lorenz map Keller [Kel] Robinson





\S 2. $Guckenheimer- Williams$ $geometric$ Lorenz attractor $\succeq$ Lorenz bifurcation
Lorenz attractor Guckenheimer Williams
[GuCl, [Wil], $[GuWi]$ Lorenz strange attractor
model flow , model flow
auractor . geometric Lorenz model
, attractor Lorenz attractor geometric Lorenz attractor
. geometric Lorenz attractor , Lorenz map




i) geometric Lorenz model geometric Lorenz a ractor
$R^{3}$ $C^{\infty}$ $X$ (FP) .
(FP) [fundamental properties of Lorenz attractor]
(a) $X(O)=0$ DX(O) $\lambda_{u},$ $\lambda_{s},$ $\lambda_{ss}$ $\lambda_{u}>0,\lambda_{s},\lambda_{ss}<0$ ;
(b) $X$ es involution
$\iota:(x,y,z)arrow(-x,-y,z)$
;
(C) $z$ - $\lambda_{s}$ ;
(d) $|\lambda_{ss}|\geq|\lambda_{u}|+|\lambda_{s}|\geq 2|\lambda_{s}|$ .






(GLO) [confinemem of Poincar\’e map]
$\Sigma$ flow $\Sigma$ . Poincar\’e $\Pi$
. $\Pi$ $x=0$ .
(GL1) [existence of strong stable foliation]
$\Sigma$ $\Pi$ $F$ . $W^{s}(O)\cap\Sigma$ $F$ . $F$
$\Sigma$ strong stable foliafion .
(GL2) [hyperbolicity]
Poincar\’e $\Pi$ $F$ , $F$ .
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.
(GLO) Poincar\’e \Pi \Sigma C2 x=o l l,
$x=0$ .
(GL1) $\Sigma$ $x=const$. $\Pi$ $F$ (X, $y$ )
. $W^{s}(O)\cap\Sigma$ $x=0$ . Poincar\’e $\Pi$ $f,$ $g$





$f’(x)>^{\exists} \kappa>1,0<\frac{\partial g}{\phi}(x,y)<^{\exists}c<1$ for $x\neq 0$








attractor . $(FP),$ $(GLO)-(GL2)$ flow \check geometric Lorenz model
, attractor $\Lambda$ geometric Lorenz attractor .
Lorenz (L) $(GLO)-(GL2)$
1 attractor geomettic Lorenz attractor
.
ii) geometric Lorenz attraCtor
Williams geometric Lorenz model 2 branched surface semi-
flow , geometric Lorenz attractor .
, geometric Lorenz model strong stable foliation leaf
2 branched surface , 2
branched surface semi-flow geometric Lorenz
model flow . flow
geomehic Lorenz attractor .
. Williams [Wil] .
iii) Lorenz map
Lorenz attractor Lorenz map ,
Lorenz attractor .
( ) Lorenzm q . geometric Lorenz attractor (GL1), (GL2) 1
$f(x)$ Lorenz map . 1,4 .
$I=[-1,1]$ , .
$c$
(LM1) f(X) x=0 .
(LM2) $\lim_{\uparrow X0}f(x)=+1$ , $\lim_{\downarrow X0}f(x)=-1$, $f(0)=0$ .
(LM3) $f\in C^{1}$ on $[-1,1]\backslash \{0\}$, and $\exists\kappa>1s.t$ . $\frac{f}{fx}(x)>\kappa(\forall x\neq 0)$ .
(LM4) $\lim_{xarrow\pm 0}$ $\frac{f}{fx}(x)=+\infty$ .
, (LM3), (LM4) i) (GL2) . Lorenz map
,
.
$(\mathfrak{o})$ Lorenz map : $I=[-1,1]$ $f$
(sensitive dependence on initial conditions) chaofic ,
$\delta>0$ $I$ $x$ $x$ $U$
(2.1) $|f^{n}(x)-f^{n}(y)|>\delta$
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$U$ $y$ $n$ .
$f$
. $f$ (expanding)
, $x$ $U$ $y$ (2.1) $n$
.
Lorenz map .
V- 1 (1) Lorenz map , .
(2) Lorenz map $I=[-1,1]$ .






, $x\in I$ kneading series . 1 $Z[[t]]$
,
$\sum\theta_{j}t^{i}<\sum\theta_{i}’t^{i}\Leftrightarrow def\sum(\theta_{i}’-\theta_{i})t^{i}$
, $x\vdash k(x)$ .
$f^{n}(x)=x\Leftrightarrow k(x)$ : $periodic\Leftrightarrow k(x)=P_{n-1}(t)(1-t^{n})^{-1}$




$k(x+):= \lim_{y^{\downarrow X}}k(y)$ $k(x-);= \lim_{y^{\uparrow X}}k(y)$
. $k_{\pm}(f)=k_{\pm};=k(0\pm)$ , $(k_{+},k_{-})$ $f$ kneading invanant
.
2.2(Rand, Williams)2 Lorenz map $f,$ $g$ kneading invariant ,
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$(k_{+}(f),k_{-}(f))=(k_{+}(g),k_{-}(g))$
, $f$ $g$ .
$(k_{+}(f),k_{-}(f))=(-k_{-}(g),-k_{+}(g))$
$f$ $g$ .
$(_{-}^{-})$ Lorenz $ma_{-}o$ Lorenz attractor . geometric Lorenz model Lorenz map
geometric Lorenz attractor .
.
2.3 (LM3) $\kappa$ $\kappa>\sqrt{2}$ , $\{k_{+}, k_{-}, -k_{+}, -k_{-}\}$ geometric
Lorenz a ractor .
, Williams [Wil] $(LM3)$ $\kappa$ \kappa 1\kappa $>\sqrt{2}$ Lorenz map locally
eventually onto (LEO) , invariant set 1
Lorenz map . 22 Lorenz map
geomehic Lorenz attractor 1 1
. 4 .
, $\{k_{+}, k_{-}\}$ .
iv) geometric Lorenz attractor
Gucke eimer-Williams-[GuWi] Robinson [Robl] , geometric Lorenz model
$C^{2}$ -open . geometric Lorenz model flow $C^{2}$ flow
geometric Lorenz model , Lorenz map .
Lorenz map Lorenz map $C^{0}$ . Williams [Wil], Rand [Ran]
, .
2. $L$ 2 Lorenz map $f,$ $g$
$f(x)>g(x)$ for $\forall x\neq 0$
, kneading invariant
$k_{+}(f)>k_{+}(g)$ , $k_{-}(f)>k_{-}(g)$
. Lorenz map $C^{0}$
Lorenz map .
, geometric Lorenz model
.
2.5 (Guckenheimer-Williams $\lceil GuWil$ ) geometric Lorenz model $C^{2}$
geometric Lorenz attractor flow .
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\S 3. Robinson invariant foliation
geometric Lorenz model open
strong stable foliation , Poincaree 1 Lorenz map
. strong stable foliation Robinson [Robl]
2 .
$\ovalbox{\tt\small REJECT}^{-\neq}31$ geometric Lorenz model (FP-d) ,
geometric Lorenz model $C^{2}$ flow geometric Lorenz a ractor
$C^{1}$ strong stable foliation .
. geometric Lorenz model
strong stable foliation . flow positive invariance
hyperbolicity esnmate . , strong stable
transversal . foliation $C^{1}$
1 .
open , flow , strong
stable foliation .
B2 $\Sigma$ $\Pi$ (GLO)-(GL2)
.
(a) $| \frac{\partial g}{\partial x}(x,y)|\leq 1$ .
(b) $g|_{\{x\}\cross J}$ \rightarrow constam function $b^{\pm},$ $\frac{\partial g}{\phi}(x,y)arrow 0$ as $xarrow\pm 0$ ;
(C) $xarrow\pm 0$ .
$\frac{\partial^{2}g}{\phi^{2}}(x,y),$ $\frac{\partial^{2}g}{\partial x\phi}(x,y),$ $\frac{\partial^{2}g}{\partial x^{2}}(x,y)\frac{\partial g}{b}(x,y)($$\frac{f}{fx}(x,y))^{-1}$
$\frac{\partial^{2}f}{\partial x^{2}}(x,y)\frac{\partial g}{\phi}(x,y)(\frac{\#}{\partial x}(x,y))^{-1}$
$\Pi’$ $\Pi$ $\Pi$ $C^{2}$ $C^{2}$ $J$
$C^{1}$ $\Phi=J$ $\Pi’$ , $\Phi$ $\Pi$ strong stable






$\Pi$ invariant foliation $C^{1}$
.
170
3.1, 3.2 [Robl], $[HiPu]$ , [HPS] .
32 3.1 . geometric Lorenz model
flow Poincar\’e , Cl
$\Phi=J\circ\Pi’$ . 32 ,





. 32 $\Pi’$ $C^{2}$
, $C^{20}$ .
. Rychlik [$Ryc$;Appendix Il .
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\S 4. Keller-Robinson Lorenz map
2 geometric Lorenz model Poincar\’e
$\Pi(x,y)=(f(x),g(x,y))$
. 1 $f(x)$ geometric Lorenz model
, Lebesgue ,
ergodic , geometric Lorenz model strange attractor
. Lorenz map 1
.
i) Lorenz map ergodic
Loren map 1 Keller [Kel]
. [Kel] 3.3 35
.
AJ $I$ f .
(a) $f$ ;
(b) $/1f$’ $0<\theta\leq 1$ H\"older ;
(C) $\exists\kappa>1\exists n\in Ns.t$ . $|(f^{n})’|\geq\kappa$ .
LebeSgue f.4–\ , .
$I$ $\{L_{k.l}\}_{\iota\leq k\leq r.1\leq\iota\leq}p_{k}$
$f(L_{k.l})=L_{k.l+1}(mod p_{k})$
$f^{p_{k}}|_{L_{k1}}$
$k,$ $l$ $weak|y$ mixing, ergodic .
, geometric Lorenz model Lorenz map 3
.
ii) Lorenz map $0$) locally eventually onto property
Keller locally eventually onto property
f Lebesgue ,
.
4.2 $f$ : $[-1,1]arrow[-1,1]$ locallv eventuallv onto (LEO) $[-1,1]$
$J$ $k$ $f^{k}(J)=[-1,1]$ .
AU $f:[-1,1]arrow[-1,1]$ Es- H\sim (topologically transitive) $[-1,1]$
$\omega$ - $[-1,1]$ .
$f$ LEO . , $[-1,1]$ residual set $R$
$R$ $\omega$ - $[-1,1]$ . , $[-1,1]$
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2 Lorenz map $f(x)$ .
(LM1) $f(x)$ $[-1,1]$ $x=0$ ;
(LM2) $f(O-)=1,$ $f(O+)=-1,$ $f(-1)<0<f(1)$ ;
(LM3) $f\in C^{1}$ on $[-1,1]\backslash \{O\}$ $\cdot 0\exists\kappa>1s.t.f’(x)>\kappa$ for $\forall x\neq 0$ ;
(LM4) $\lim_{xarrow\pm 0}f’(x)=+\infty$ .
$f$ LEO , Williams [Wil] .
t 4 $(LM1)-(LM3)$ $f’(x)>\sqrt{2}$ $(\forall x\neq C)$ $f$ LEO .
f LEO ,
Lorenz- $f’(x)$ 1 ,
. Robinson [Rob2] $f$ LEO
.
A.5 (LMI)-(LM3) $f$ LEO .
2 $k$ $f^{j}(-1)\leq 0$, and $f^{j}(1)\geq 0$ for $0\leq j\leq k$ ,
$f(B^{\pm})=0$ $-1\leq B^{-}\leq 0\leq B^{+}\leq 1$ $B^{-},$ $B^{+}$
$\exists\Lambda>0s.t$ . $M(f’)(x)\geq\Lambda$ for $B^{-}\leq\forall x\leq B^{+}$ , $f’(x)\geq\kappa>1$ for $\forall x\neq 0$
$\Lambda\lambda^{k}>2$ . $M(f’)(x)$ $f’$ $0$ $x$
$M(f’)(x)= \frac{1}{x}\int_{0^{X}}f’(t)dt=\frac{f(x)-f(0)}{x}$
.
. (LMl)-(LM3) f LEO .
[Spa] [Rob2; p.607] .
iii) geometric Lorenz model $\sigma$) transitive attractor
Robinson [Rob2] 1 Keller [Kel] , geometric Lorenz model
Lorenz map Lebesgue , ergodic
.
\subset 6 geometric Lorenz model $O$ $\lambda_{u}$ , $\lambda_{s}$ , $\lambda_{ss}$ $\alpha$
173
$0<-\lambda_{s}<\lambda_{u}<-\lambda_{ss},$ $0<-\lambda_{ss}+\lambda_{s}-(1+\alpha)\lambda_{u},$ $0<\lambda_{u}+(1+\alpha)\lambda_{s}$
, $O$ $C^{2}$ (
) , geometric Lorenz model $C^{2}$ - flow
geometric Lorenz model , 1 $f$
.
(a) $f$ Lebesgue $m$ $\mu=hdm$ .
(b) $h\in L^{1}$ support $f$ .
(c) $f$ $\mu=hdm$ ergodic .
(d) $f$ LEO .
. , 3 Robinson geometric Lorenz
model $C^{2}$ flow strong stable foliation , 2 i)
(GLO)-(GL2) . , 1 2 iii)
(LMI)-(LM4) . 45 $k$ open
$C^{2}$ flow , 1 LEO .
Keller 1 4.1 (b)
, $\exists\alpha>0s.t.f^{-1}$ $J_{-}=[f(-1),1],$ $J_{+}=[-1,f(1)]$ Cl+\alpha
, strong stable foliation .
4.1 , Lorenz map
1 , Li-Yorke $[LiYo]$ support
disjoint 1
, support 1 ,
. support , $f$ LEO $f$
, Lebesgue . $f$ LEO
. Robinson [Rob2] .
, Bunimovich Sinai $[BuSi]$ , 2 Poincar\’e
Bowen-Ruelle-Sinai measure
. .





1985 Rychlik geomeffic Lorenz attractor
. , 1989




generic Lorenz attractor preturbulence
. attractor
$1$ 2 Rychlik




i) geometric Lorenz attractor from critically twisted double homoclinic loop
$R^{3}$ $C^{\infty}$ $X$ (FP) .
(FP) [fundamental properties]





(C) $z$ - $\lambda_{s}$ ;
(d) $|\lambda_{ss}|\geq|\lambda_{u}|+|\lambda_{s}|\geq 2|\lambda_{s}|$ .
$\Xi^{\infty}$ $R^{3}$ $C^{\infty}$ , involution
$\iota:(x,y,z)arrow(-x,-y,z)$
, $\Xi_{0}^{\infty}$ $\Xi^{\infty}$ (FP) $X$ ( $C^{\infty}$
) . $X$ 4
.
2 $W^{s}(O)$ 1 $W^{u}(O)$ ;





$W^{us}(O)$ $P^{u}$ . Hirsch-
Pugh-Shub PS] .
$\Xi_{1}^{\infty}\subset\Xi_{0}^{\infty}$ .
(HB1) [existence of homoclinic loop]
$O$ double homoclinic loop , $W^{u}(O)\subseteq W^{s}(O)$ ;
(HB2) [principal homoclinic loop]
$W^{u}(O)\neq W^{ss}(O)$ ;
(HB3) [critical twist condition]




(HB2) (HB4) (HBI) generic (HB1) (HB3)
1 , $\Xi_{1}^{\infty}$ $\Xi_{0}^{\infty}$ 2 .
(HB5) strange attractor open condition .
double homoclinic loop crifically twisted double homoclinic loop .
$R^{3}$ $C^{\infty}$ S- $X_{\mu}(\mu\in U\subset R^{3})$
.
(PD) [non-degeneracy of the parameter dependence]
$\forall\mu\in U$ , $X_{\mu}\in\Xi_{0}^{\infty}$ $\cdot\supset\exists\mu_{0}\in U$, $X_{\mu_{0}}\in\Xi_{1}^{\infty}$ and $(\mu\vdash\Rightarrow X_{\mu})$ ns $\Xi_{1}^{\infty}$
critically twisted double homoclinic loop geometric Lorenz attractor .
5.1 $R^{3}$ $c^{\infty}$ S- $X_{\mu}$ (PD) ,
$\mu_{0}$
$\mu$
$X_{\mu}$ geometric Lorenz a ractor .
ii) Poincar\’e
Rychlik Poincar\’e Roussarie smooth
linearization ,
. , Shilnikov-Deng [Shi1-4, Den1-3]
Poincar\’e .
Poincar\’e $\Sigma_{\pm}^{u}=\{x=\pm\delta\},$ $\Sigma^{s}=\{z=\delta\}$ .
$v= \frac{-\lambda_{s}}{\lambda_{u}}$ , $\eta=v+\omega$ , $\omega<\min(\frac{-\lambda_{s}}{\lambda_{u}},1,\frac{\lambda_{s}-\lambda_{ss}}{\lambda_{u}})$










$M_{\sigma}(c)= \{(\epsilon_{1},\epsilon_{2})|\epsilon_{2}=-\sigma\frac{c}{h(0,\epsilon)}|\epsilon_{1}|^{1- v(\epsilon)}$ , $\sigma=sgn(\epsilon_{1})\}$
.
5.3 $\epsilon=(\epsilon_{1},\epsilon_{2})\in M_{\sigma}(c)$ $(x,y)$ 5.2





, \mbox{\boldmath $\zeta$} .
$p_{2}(\epsilon)=O(|\epsilon_{1}|^{\zeta})$ , $h(0,\epsilon)=1$ , $\frac{\partial h}{\phi}(y,\epsilon)=O(|\epsilon_{1}|^{\zeta})$ , $\Vert\frac{\partial^{k+l}H}{\partial x^{k}\phi^{l}}\Vert\leq const|\epsilon_{1}|^{\zeta}|x|^{\eta- k}$
iii)
$\epsilon=(\epsilon_{1},\epsilon_{2})\in M_{\sigma}(c)$ $/^{1}2<y_{c’}<v<1$ . Poincar\’e
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